Abstract: The resonance wavelengths, quality factors, and electromagnetic field profiles of multilayered metal plasmonic nanospheres are presented. Quantitative results are obtained using a recently developed finite-difference time-domain algorithm suited for structures with spherical invariance. The resonance modes of multilayered metal plasmonic nanospheres are explained as hybrid modes consisting of surface plasmon polariton resonances associated with each metal-dielectric interface. Multilayered metallic nanospheres exhibit complicated and numerous modes as the number of layers increases; however, the highest quality factor hybrid modes are those associated with the odd-like modes of each individual metal layer. Applications in nanoplasmonic lasers are highlighted.
Introduction
Electromagnetic waves that couple to electron plasma oscillations at metal-insulator interfaces to form surface plasmon polaritons (SPPs) are capable of field confinement at length scales significantly smaller than the free space wavelength of the electromagnetic wave [1] , [2] . The idea of SPPs has been known for decades [3] ; however, recently, several different SPP-based device geometries have been proposed, analyzed and experimentally investigated [4] - [7] for applications in waveguiding [8] , [9] , negative index materials [10] , sensing [11] , solar energy [12] , and medicine [13] . Of particular interest to this work is the prospect of building nanometer-scale light sources with visible to near infrared wavelengths. Several reports have described the interaction between SPPs and adjacent gain media to overcome absorption loss in the metal [14] - [18] . Recently, reports have been published of plasmonic laser devices operating at wavelengths ranging from violet to midinfrared [19] - [23] . Noginov et al. recently demonstrated lasing from a suspension of gold nanospheres coated with dye-doped silica [24] . The particles were 44 nm in diameter, and the lasing wavelength was 531 nm, making these lasers' spatial dimensions a full order of magnitude smaller than their lasing wavelength. Such small footprint devices are promising for compact, integrated circuits that may incorporate a combination of guided-wave optics, SPPs, and electronics. Indeed, in order for optical signal processing to be competitive with electronic signal processing in an integrated chip-scale environment, optical device length scales should be on the same order of magnitude as the electronic devices. Current electronic devices have minimum feature sizes below 100 nm. Therefore, the development of SPP-based laser devices is motivated by the long-term prospect of compact device integration.
In this work, the modal properties of SPP resonances in spherical metal cavities are explored quantitatively using a recently developed finite-difference time-domain (FDTD) algorithm specifically suited to analyzing structures with spherical invariance [25] . Because the primary application of this work is to nanoplasmonic lasers, the metrics investigated are resonance frequency, quality ðQÞ factor, and field distribution. These three elements, along with the spatial gain distribution, are the primary elements used to determine whether a given geometry is a viable laser cavity [26] . This work begins with a brief review of the well-known dipolar resonances of gold nanoparticles and explores both the resonance wavelength as well as the quality factor as a function of the ambient refractive index. This is followed by a discussion of spherical nanoshells with one, two, and three layers. The main result of this work is the illustration of rich modal structure as the number of metal layers increases, which can be utilized for more efficient SPP laser devices with judicious placement of gain layers in the device.
Method
The numerical approach employed in this work to investigate the modal properties of layered metallic nanospheres is based on an efficient implementation of the FDTD method applicable to structures with spherical invariance [25] . The method implements the FDTD method using spherical coordinates. The electric and magnetic fields are decomposed into sinusoids and associated Legendre functions to handle the azimuthal and longitudinal field variation, respectively. This approach is attractive because it provides a fully vectorial and 3-D solution to Maxwell's equations, but only the 1-D radial field variation is calculated numerically. The angular field variation is specified a priori by the integers l and m specifying the lth degree and mth order of the tesseral harmonic Y lm ¼ ½A lm sinðmÞ þ B lm cosðmÞP m l ðcosÞ where P m l ðcosÞ is an associated Legendre function, and Àl m l. In addition to the drastic reduction in computational resources associated with using only 1-D computational arrays, this method inherently conforms to the spherical shape of the material interfaces. Though inaccuracies associated with the staggered field arrangement remain, any staircasing associated with a Cartesian FDTD approach is eliminated [27] - [29] Although previous work has analyzed multilayered spherical structures [30] - [33] , this work applies a novel numerical method to the problem that avoids a requirement of writing down numerous boundary conditions for each metal-dielectric interface. This method is capable of analyzing structures with continuous material variation along the radius direction. Furthermore, this approach makes possible studies of nonlinear and time-dependent aspects of these resonators.
In order to incorporate the dispersive and lossy properties of metallic materials at optical and near infrared frequencies into the FDTD calculation, the auxiliary differential equation method is used [34] . Specifically, a high-order method based on using four Lorentzian pole pairs [35] provides a good fit to experimentally measured values of the complex electric permittivity of gold [36] in the wavelength range between 0.2 m and 2.0 m. In this work, all plasmonic structures will incorporate gold as the metallic layer. Though research has shown that the electric permittivity of gold changes when the material extent is equal to or less than the electron mean free path [15] and that electron density differences in homogenous layers can lead to inhomogeneous electrodynamic properties [37] these effects are not incorporated into the model. Nevertheless, the size-induced changes are not significant enough to invalidate any of the general conclusions reported here, and results of this numerical method generally agree with experimental measurements.
The spatial discretization length along the radial direction is Ár ¼ 0:5 nm, and the time step used is one half of the maximum stable time step. Spatial domains include 4000 discretization points. The boundary of the domain at large radius is terminated with perfectly matched layer absorbing boundary conditions [38] , [39] . A typical FDTD simulation records 2 Â 10 5 time steps, performs a discrete Fourier transform of the resulting time sequence, and uses Padé fitting to extract resonance frequencies and quality factors [40] , [41] .
Metallic Nanosphere
Before considering the more complicated case of a multilayer sphere structure, the results of analyzing a simple metal sphere embedded in a dielectric medium using the novel FDTD method for spherical invariance are presented. The sphere has a diameter of 50 nm. Fig. 1 (a) displays the surface plasmon resonance wavelength as a function of the relative permittivity of the embedding medium. Relative permittivities between 1.0 and 10.0 which correspond to materials such as air (1.0), silica (2.1), and semiconductors (10.0) at optical and near infrared frequencies are considered. The tesseral harmonic order m was set to m ¼ l. Choosing different m values does not effect the results presented here as the spectral properties are invariant with respect to m. The data in Fig. 1 (a) illustrates a redshift in plasmon resonance frequency with increasing external electric permittivity. This is expected both from the results of Mie scattering theory in the quasistatic regime [42] as well as from the qualitative rule of thumb (based on a variational principle) that resonance frequencies tend to decrease as permittivity increases [43] . Also shown in Fig. 1(a) is the dependence of SPP resonance wavelength on harmonic orders from l ¼ 1 to l ¼ 6. As l increases, the mode exhibits increasing field variation along the angular directions. This results in a decrease in the resonance wavelength in order to accommodate this field variation in the same amount of space. Fig. 1 (b) displays the increase of the resonance Q factor as the relative permittivity of the embedding medium increases. This trend holds true for each l value except for l ¼ 1 which shows a clear maximum at a relative permittivity of 4.0. In Fig. 1(c) , the Q factor versus resonance wavelength is shown along with the imaginary part of the relative permittivity of the gold. Comparing the Q factor variation as a function of wavelength with the behavior of the imaginary part of the relative permittivity of the gold suggests that the Q factor is dominated by the electromagnetic absorption in the metal, and the qualitative variation in Q factor follows inversely to that of the imaginary part of the relative permittivity of the gold. Though the l ¼ 1 mode appears to exhibit behavior different from the l 6 ¼ 1 modes in Fig. 1(b) , Fig. 1(c) suggests that the Q factors of all modes are determined by the absorption properties of gold, and the maximum associated with l ¼ 1 in Fig. 1(b) is due to the spectral alignment of that mode with the minimum loss of gold. Fig. 2 (a)-(c) illustrate the radial E r and longitudinal angular E components of the electric field and the longitudinal angular H component of the magnetic field for l ¼ 1 and a relative permittivity of 4.0 for the embedding medium. The metal sphere boundary is illustrated with a dashed gold line, and the view is a cross section through the center of the sphere. The field as a function of r and is visible with set at =2. These three components completely determine the electromagnetic field of the mode. SPP modes exist in spherical geometries only for transverse magnetic (TM) polarization. For TM modes, H r ¼ 0; the radial behavior of E and E are the same; and the radial behavior of H and H are the same [25] . The dipolar nature of the fields is clear. Fig. 2(d) -(f) illustrate the detailed field behavior as a function of radius only. shows that the radial dependence of the fields for l ¼ 1 and l ¼ 3 is similar. However, the angular dependence between the l ¼ 1 and the l ¼ 3 mode is clearly different as shown in Fig. 2(a) -(c) and Fig. 3(a)-(c) . It should be noted that free space coupling to modes with l 9 1 is usually small [44] , and previous discussions focusing on scattering results typically consider these modes as having limited relevance. However, for designing lasers, the primary design considerations are Q factor and field overlap with the gain medium, and modes with different l values should be considered equally important. For the remainder of this work, the focus will be on l ¼ 3, but the conclusions made will generally hold for any l value.
Single Metallic Nanoshell
The SPP properties of spherical metallic nanoshells have been studied in great detail during the past decade [15] , [44] - [49] . One particularly interesting feature of metallic nanoshells is the tunability of the SPP resonance frequency by controlling the radius and thickness of the metal shell. The hybridization model is an intuitive picture that helps describe the nature of the SPP resonances of metal shells [50] , [51] . This model qualitatively describes the modes of a shell as linear combinations of the modes of a metallic sphere and a void within a metal. The result is two modes qualitatively described by E r ;s AE E r ;v where E r ;s and E r ;v represent the r component of the electric fields of the sphere and void SPP modes, respectively. Another way to view the two SPP modes that exist in a thin metal shell is to think of them as the same two modes that have been described for thin planar metal layers [52] , [53] . For a planar metallic film, the two modes result from hybridization of the SPP modes on the metal-insulator boundaries on either side of the metal. For sufficiently thin metals, the result can be described similarly as E y ;t AE E y ;b where E y ;t and E y ;b represent the y (perpendicular) component of the electric fields of the top and bottom interface SPP modes, respectively. For the remainder of this paper, the mode qualitatively similar to E y ;t þ E y ;b will be called even-like, and the mode qualitatively similar to E y ;t À E y ;b will be called odd-like. Fig. 4 displays the even-like SPP mode, and Fig. 5 displays the odd-like SPP mode for a metallic nanoshell. The metal layer is 10 nm thick, and its inner radius is 50 nm. The inner dielectric has a relative permittivity of 5.0, and the shell is surrounded by vacuum. The radial component of the evenlike electric field displayed in Fig. 4(d) is not exactly even with respect to the center of the metal shell, which is expected due to both the uneven relative permittivities on either side of the metal, as well as the spherical nature of the geometry. The radial component of the odd-like electric field displayed in Fig. 5(d) is not exactly odd with respect to the center of the metal shell, which is expected for the same reasons as discussed for the even-like mode. Regardless of the lack of exact symmetry the even-like and odd-like field behavior in Figs. 4(d) and 5(d) describe a fundamental difference between the two SPP modes supported by the metal shell.
In Fig. 6 , the Q factor versus shell thickness is studied for different l values. Fig. 6 (a) displays results for a metal shell encapsulating a dielectric core with diameter of 50 nm and relative permittivity of 2.1, and Fig. 6(b) displays results for a metal shell of the same size encapsulating a dielectric core with relative permittivity of 5.0. The Q factors shown in Fig. 6 are of the same order of magnitude as those shown in Fig. 1 , and the Q factors for the dielectric core with relative permittivity of 5.0 are larger than the dielectric core with relative permittivity of 2.1. This is consistent with the previous results shown in Fig. 1(b) . For small metal thicknesses, the odd-like modes have Q factors two to five times larger than the even-like modes. This is consistent with the interpretation of the odd-like modes as corresponding to the long-range surface plasmons described in previous work [52] . The odd-like modes have a smaller electric field overlap with the metal regions, so the absorption in the metal is smaller for these modes. This is qualitatively apparent in Figs. 4(a) and 5(a): The electric field is concentrated in the metal regions in Fig. 4(a) , and the field has a small value in the metal in Fig. 5(a) . As the metal thickness increases, the SPPs on the inner and outer surface decouple, and the modes exist as two independent SPP modes. The Q factor of the even-like mode remains relatively constant, whereas the Q factor of the odd-like mode decreases as the metal thickness increases. This is due to the mode losing its odd-like character as it evolves to an uncoupled SPP on a metal surface and the overlap, and consequently, the absorption in the metal increases. It should be emphasized that this work highlights modes with l 9 1 and focuses on their Q factor, making these results generally applicable to nanoplasmonic laser devices.
Two Concentric Metallic Nanoshells
In this section, a spherical nanostructure is considered that consists of a dielectric core with diameter of 50 nm and relative permittivity of 5.0 and two concentric gold layers separated by a dielectric spacer layer also with relative permittivity of 5.0. The metal layers have a fixed thickness of 15 nm. For the sake of brevity only the l ¼ 3 modes will be considered. As in the previous section, a hybridization model can be used to explain the modal structure of this geometry [50] . The modes of the two metal layer nanosphere consist of linear combinations of the even-like and odd-like modes of each of the metal layers. If we let E i r ;j represent the even-like ðj ¼ eÞ or odd-like ðj ¼ oÞ radial ðr Þ component of the electric field of the inner ði ¼ 1Þ or outer ði ¼ 2Þ metal layer, then the hybrid modes expected to appear may be qualitatively described by E
o . We note that the Q factor of the hybrid mode will be limited by the smallest Q factor of the constituent modes. This means that hybrid modes consisting of even-like shell modes will have smaller Q factors. Because the primary application of this work is for nanometer-scale light sources where large Q factor leads to lower threshold, the remainder of the discussion will focus on the higher Q factor hybrid modes consisting of only odd-like constituents.
Figs. 7 and 8 display the electric and magnetic fields corresponding to hybrid modes qualitatively described by E
o , respectively. The wavelengths and Q factors for the modes illustrated in Figs. 7 and 8 are 735 nm and 26 and 632 nm and 22, respectively. It should be noted that although the basic properties of these hybrid modes have been discussed previously, this work emphasizes l values greater than 1, quantitative estimations of the Q factor, and the use of a new FDTD method to make accurate quantitative calculations. Another novel feature is the presence of higher order SPP modes existing in the dielectric spacer region between the two metal shells. As the spacing between the metal shells increases from 50 nm to several hundred nanometers, higher order standing waves are supported in the dielectric region. Illustrative examples are shown in Figs. 9 and 10 for a metal spacing distance of 750 nm. Fig. 9 illustrates the first and second order modes for the E Fig. 9(b) has two extrema between the two metal shells, and the field in Fig. 9(d) has three extrema. The field in Fig. 10(b) has two extrema between the two metal shells, and the field in Fig. 10(d) has four extrema. Table 1 displays the wavelengths and Q factors of the modes displayed in Figs. 9 and 10. One interesting feature is the higher Q factors of the higher order modes. This could be a promising route to lower threshold laser devices; however, with a metal layer spacing distance of 750 nm, one sacrifices device size for higher Q factor.
Three or More Concentric Metallic Nanoshells
The idea of hybrid modes can be extended to nanostructures with more than two metal layers. In this case, the even-like and odd-like modes of each layer will interact to form hybrid modes that overlap the entire multilayer structure. If we concentrate on the higher Q factor odd-like modes of each layer and focus on a structure with three metal layers, one expects three hybridized modes consisting of linear combinations of the three individual shell modes. The r component of the electric field for the three modes of a three gold layer structure are displayed in Fig. 11 . The modes in Fig. 11(a) , (c), and (e) can be qualitatively described as
r ;o , respectively. It is interesting to compare the electric field distribution in the dielectric layers in the three different modes. This has the practical design consequence of determining the most appropriate layer in which to include an optical gain medium. For example, for the SPP mode shown in Fig. 11(a) , the field is largest between the second and third layers. Therefore, substituting an optical gain medium in this region would lead to large spatial overlap between the SPP resonance and the gain material. For the SPP mode shown in Fig. 11(c) , the field is largest between the first and second layers; therefore, this region would be the best location for an optical gain medium. In Table 2 , the wavelengths and Q factors are displayed for modes with increasing number of metal layers. The gold layers are separated by 50 nm of dielectric material with relative permittivity of 5.0. The gold layers have a thickness of 15 nm. As the number of metal TABLE 1 Wavelength and quality ðQÞ factor for SPP modes supported by a two-layer metal nanosphere TABLE 2 Wavelength and quality ðQÞ factor for SPP modes supported by a multilayer metal nanosphere layers increases, the modal structure becomes increasingly rich. For nanoplasmonic laser applications, a mode with large Q factor and good overlap with the gain region is ideal.
Conclusion
This work presents a quantitative modal analysis of multilayered nanoplasmonic spherical resonators. The paper begins with an investigation of simple metal spheres and single metal layer nanoshells. The understanding of these basic structures are used to explain the modes of spherical resonators with two or more metallic nanoshells. Modes with tesseral harmonic degrees greater than one l 9 1 are emphasized. Higher order hybrid modes are described for metal layer spacings larger than 500 nm. This work is presented for applications in nanoplasmonic laser sources. Prospective future studies could include the size effects of the dielectric constant, nonlinear material effects, and far-field properties of the modes.
